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The solution for a semi-inﬁnite rigid block having a ﬂat face but with a small, shallow edge chamfer, and pressed onto
an incompressible half-plane, is considered. The surface traction distribution and internal state of stress under both normal
and a monotonically increasing shearing force are found, and the characteristics of the solution explored. As an example it
is employed to ﬁnd the edge-solution for a ﬁnite square-ended but chamfered punch in contact with a half-plane.
 2006 Elsevier Ltd. All rights reserved.
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Semi-inﬁnite contact asymptotes are valuable solutions in the study of contacts generally and fretting-type
problems in particular. Contacts can be classiﬁed as ‘incomplete’ or ‘complete’. The contact pressure at the
edge of an incomplete contact goes continuously to zero at the contact edge and there is always a region of
partial slip when an oscillatory shear force is present. The contact is complete when the surfaces conform
and a discontinuity in proﬁle gradient deﬁnes the contact edge. In the latter case there is always an implied
elastic power-order singularity in the contact pressure, and the contact will normally shake down (in a fric-
tional sense) to a state of complete adhesion (Churchman and Hills, 2005). In practice, there will always be
some edge radius or chamfer, and this will have the eﬀect of making the contact pressure very locally bounded.
Asymptotic solutions can play a big roˆle in reﬁning the solution here: they can be used both to add detail to
what is nominally a complete contact but with an edge detail of the kind described, and they can be used to
classify the region in which a crack may nucleate as either incomplete or complete, depending on the size of the
plastic zone and the extent of slip.
Although the solution for the contact pressure at the edge of a chamfered contact has several similarities
with the ‘semi-inﬁnite ﬂat and rounded punch solution’ (Dini and Hills, 2004; Dini et al., 2005), it has at least0020-7683/$ - see front matter  2006 Elsevier Ltd. All rights reserved.
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C.M. Churchman et al. / International Journal of Solids and Structures 43 (2006) 7048–7060 7049one major diﬀerence, viz. that, because the slope of the punch face is discontinuous, a logarithmic singularity
in the contact pressure arises quite close to the contact edge, so that the rate at which the bounded behaviour
decays away from the contact edge is rather steeper. This will emerge as part of the solution, together with its
general characteristics. As an example the solution is applied to a slightly chamfered rigid punch.
Earlier solutions to bimaterial problems involving logarithmic singularities were found by Dempsey and
Sinclair (1981) and the subject of the ‘‘lapping round’’ of material onto an inclined contact face has been ana-
lysed by Adams (1979).
1.1. Formulation
The problem to be solved is depicted in the ‘‘zoomed in’’ region in Fig. 1. An elastic half-plane is indented
by a semi-inﬁnite punch having a ﬂat face, save for a small portion near the free edge: this has an exterior angle
w. There are several ways in which the contact problem may be solved, but here we simply take the solution for
contact between an elastic wedge of exterior angle w, tilted at an angle a to the half-plane normal (Sackﬁeld
et al., 2005), and take the limit a! w/2, bringing one ﬂank into glancing contact, givingFig.pðxÞ ¼ KL ln
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1þ x=bp  1ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1þ x=bp þ 1

; for  b > x >1; ð1ÞwhereKL ¼ wpA ; ð2Þb is the length of contact in the chamfered region, and A is the composite compliance of the two bodies.
The original paper used uncoupled half-plane theory for each contacting body, and the solution is therefore
appropriate when both (a) wn p, and (b) either no interfacial shearing tractions arise or because Dundurs’
second constant for the material pair vanishes. The last requirement is most usually fulﬁlled when either the
components are made from the same material or one is rigid and the other incompressible. However, as will be1. Rigid punch of half-width a, under normal load P and shear load Q, but with a chamfer at the extreme contact edge (inset).
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ensuring that Dundurs’ constant vanish can be accepted; this is clear because, again as will be shown, if x b
the contact pressure decays in a square root power order manner. This is consistent with a semi-inﬁnite wedge
formulation of the problem (Gdoutos and Theocaris, 1975; Comninou, 1976) if and only if the half-plane is
incompressible and the contacting wedge rigid. ThereforeA ¼ 3
4E
; ð3Þwhere E is the Young’s modulus of the half-plane.
It is not possible to establish the ‘contact law’ (the relationship between the applied load and b) directly, asZ L
b
pðxÞdx!1 as L!1: ð4ÞInstead, we must analyse the nature of the contact pressure distribution and employ the appropriate asymp-
totic form. If we consider what happens to the contact pressure, p(x), (Eq. (1)) when the observation point x
moves well away from the contact edge, i.e. x b, and employ the binomial theorem and Taylor series expan-
sion (see Appendix A) we obtainpðxÞ ’ KSﬃﬃ
x
p x b; ð5Þwhere the generalised stress intensity factor, KS, is given byKS ¼ 2KL
ﬃﬃﬃ
b
p
: ð6ÞThus the contact pressure varies as x1/2(x b). Therefore, from consideration of Eqs. (2) and (6) we may
deﬁne a contact law asb ¼ pAKS
2w
 2
; ð7Þwhich gives the length of contact in the chamfered region, b, as a function of the half-plane compliance via A,
the remote loading and geometry via KS and the angle of chamfer, via w.
Similarly, behaviour adjacent to the free edge may be investigated. Moving the origin of coordinates to the
edge of the contact region by setting s = x + b (Fig. 1, inset), and again using Taylor series expansions for
s b (see Appendix A) we ﬁnd thatpðxÞ ’ KB
ﬃﬃ
s
p
s b ð8Þwhere the multiplicative factor, KB, isKB ¼ 2KLﬃﬃﬃ
b
p : ð9ÞThus square root bounded behaviour is found at the extreme edge of the contact region within the chamfer.
We also note thatKS
KB
¼ b: ð10ÞLastly, adjacent to the discontinuity in surface slope, i.e. jxj  b, we ﬁnd a two-term asymptote which includes
the asymmetry in the solution (Churchman et al., 2005)pðxÞ ¼ KL ln x
4b
  x
2b
h i
; for jxj  b; ð11Þ
Fig. 2. Pressure distribution along the chamfered interface including the bounded, logarithmic and singular asymptotes shown where they
match to within 10% of the full-ﬁeld solution.
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the three asymptotic forms summarised byﬃﬃﬃ
b
p
pðx^Þ
KS
¼  1
2
ln
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1þ x^p  1ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1þ x^p þ 1

; for  1 > x^ >1 ð12aÞ
¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
x^þ 1
p
; for ðx^þ 1Þ  1 ð12bÞ
¼  1
2
ln
x^
4

 x^2
 
; for jx^j  1 ð12cÞ
¼ 1ﬃﬃ^
x
p ; for x^ 1; ð12dÞwhere the coordinate, x, has been normalised with respect to the length of contact within the chamfered por-
tion of the contact, i.e. x^ ¼ x=b. Note from Fig. 2, the ‘asymptotes to the asymptotes’ (Eqs. (12b)–(12d)) match
the full-ﬁeld pressure (Eq. (12a)) extremely well and in fact the appropriate asymptote always matches to with-
in 13%. It is not suggested that the asymptote forms (Eqs. (12b)–(12d)) replace the full solution (Eq. (12a)) but
they provide a powerful means of visualising the nature of the contact ﬁeld in three key neighbourhoods, and
display only regions over which the constituent solutions describe the contact behaviour.2. Internal state of stress
In plane problems the state of stress is best quantiﬁed by using a Muskhelishvili potential, from which the
stress components may easily be deduced using the standard recipes (Hills et al., 1993) and deﬁned byUðzÞ ¼ ð1 if Þ
2pi
Z
contact
pðtÞ
t  z dt:Thus, for the semi-inﬁnite punch as a whole the Muskhelishvili potential which corresponds to the contact
pressure distribution (Eq. (12a)) is given byUAðzÞ ¼ ð1 if Þ
2pi
Z 1
b
KS
2 ﬃﬃﬃbp ln
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1þ t=bp  1ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1þ t=bp þ 1

 1t  z dt ð13Þand those corresponding to the limiting forms (Eqs. (12b)–(12d)) areUBðzÞ ¼ ð1 if Þ
2pi
Z 1
b
KS
b
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
t þ b
p 1
t  z dt ReðzÞ þ b b; ð14aÞ
Fig. 3. (a) State of stress as measured by the von Mises parameter in the vicinity of a chamfered punch. (b) Shaded regions of less than
10% diﬀerence between the asymptotes and the full-ﬁeld solution.
7052 C.M. Churchman et al. / International Journal of Solids and Structures 43 (2006) 7048–7060ULðzÞ ¼ ð1 if Þ
2pi
Z 1
1
KS
2 ﬃﬃﬃbp ln t4b
  t
2b
h i 1
t  z dt jReðzÞj  b; ð14bÞ
USðzÞ ¼ ð1 if Þ
2pi
Z 1
0
KSﬃﬃ
t
p 1
t  z dt ReðzÞ  b; ð14cÞwhere, in each of these, f, is the coeﬃcient of friction, and the potential applies if the contact is sliding.
The non-standard integrals (Eqs. (13) and (14b)) are evaluated in Appendix B, and in summary we haveﬃﬃﬃ
b
p
UAðzÞ
KSð1 if Þ ¼ 
1
4
ln
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1þ z^p  1ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1þ z^p þ 1
 
; ð15Þﬃﬃﬃ
b
p
UBðzÞ
KSð1 if Þ ¼
1
2
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
z^þ 1
p
Reðz^Þ þ 1 1; ð16Þﬃﬃﬃ
b
p
ULðzÞ
KSð1 if Þ ¼ 
1
4
ln
z^
4i
 
 z^
 
jReðz^Þj  1; ð17Þﬃﬃﬃ
b
p
USðzÞ
KSð1 if Þ ¼
1
2
1ﬃﬃ^
z
p Reðz^Þ  1; ð18Þwhere again we have introduced coordinates normalised with respect to b, i.e., z^ ¼ x=bþ iy=b.
It is clear that there is a smooth transition in the state of stress from locally bounded behaviour, through a
general state of stress to logarithmic, through another state of general stress to one which is square root sin-
gular in form, as the observation point moves from the contact edge, to the slope discontinuity, to an interior
point. The way in which this transition occurs is complex, and will vary depending on which component of
stress is being considered. Here, for brevity, we shall use von Mises parameter as a measure of the asymptotic
match, and also as a measure of the position of the plastic front. We therefore show, in Fig. 3(a), contours of
Fig. 4. (a) Partial slip of a chamfered semi-inﬁnite contact. (b) Shear traction, q(x), along the interface as a function of applied load,
KQ/fKS. (c) q(x)/fp(x) along the interface.
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ﬃﬃﬃﬃﬃ
J 2
p
, in the half-plane, for f = 0. In Fig. 3(b) the regions in which the asymp-
totes match the full-ﬁeld von Mises stress to within 10% are shown.
3. Partial slip problem
As the contact is incomplete, and hence the contact pressure falls to zero as the contact edge is approached, it
follows that the application of a shearing force will always produce a region of slip, no matter how high the coef-
ﬁcient of friction. The size of slip zone, (b  b0), see Fig. 4(a), and the shear traction distribution, q(x), are required.
We expect that, if x b the shearing traction distribution will correspond to an adhered contact, as the eﬀect of
the slip zone will be negligible. In order to ﬁnd the remainder of the solution we employ the Ja¨ger–Ciavarella prin-
ciple (Ja¨ger, 1996, 1998; Ciavarella, 1998) which states that the net shearing traction is given by the slipping form,
together with a shifted and scaled but geometrically similar corrective term within the stick region.
The pressure along the contact interface is still given bypðxÞ ¼ KS2 ﬃﬃﬃbp ln
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1þ x=bp  1ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1þ x=bp þ 1

; for  b > x >1; ð19Þwhilst the shear traction isqðxÞ ¼ fKS2 ﬃﬃﬃbp ln
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1þ x=bp  1ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1þ x=bp þ 1

 Hðxþ b0Þ fK
0
S
2
ﬃﬃﬃﬃ
b0
p ln
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1þ x=b0
p
 1ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1þ x=b0
p
þ 1

; ð20Þ
for  b > x >1 ð21Þ
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Hðxþ b0Þ ¼ 1; x > b0: ð23ÞWe further note thatb0 ¼ pAK
0
S
2w
 2
ð24Þand thus the contact law, by comparison with Eq. (7), becomesb0
b
¼ K
0
S
KS
 2
: ð25ÞTherefore the tractions along the interface in partial slip may be simpliﬁed toﬃﬃﬃ
b
p
pðxÞ
KS
¼  1
2
ln
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1þ x=bp  1ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1þ x=bp þ 1

 ð26Þﬃﬃﬃ
b
p
qðxÞ
fKS
¼  1
2
ln
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1þ x=bp  1ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1þ x=bp þ 1

 Hðxþ b0Þ ln
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1þ x=b0
p
 1ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1þ x=b0
p
þ 1


 !
; ð27Þ
for  b > x >1: ð28Þ
We now deﬁne the far-ﬁeld shear stress intensity factor asKQ ¼ qðxÞ
ﬃﬃ
x
p
Lt x!1 ð29Þwhich corresponds to rigid body shear. Compare this with the far-ﬁeld asymptote to Eq. (27), i.e. choosing
x b (employing the result in Eq. (6)) to giveﬃﬃﬃ
b
p
fKS
KQﬃﬃ
x
p ¼  1
2
2
ﬃﬃﬃ
b
p 1ﬃﬃ
x
p þ 2
ﬃﬃﬃﬃ
b0
p 1ﬃﬃ
x
p
 
; x b; ð30Þwhich on rearrangement givesb0
b
¼ 1 KQ
fKS
 2
; x b: ð31ÞThe shear traction distribution and the shear traction ratio, qðxÞfpðxÞ, is shown respectively in Fig. 4(b) and (c) as a
function of the applied load, KQ/fKS.
We note from Fig. 4(b) that the logarithmic singularity at x = 0 disappears for all KQ/fKS < 1. That the
subtraction of one singular term from another results in a ﬁnite value is not immediately obvious. We brieﬂy
examine Eq. (27) in the limit x! 0. If we approach the limit as x! 0+, then both modulus signs in Eq. (27)
may be omitted and combining the two logarithm terms using one of the basic laws of logarithms we obtainﬃﬃﬃ
b
p
qðxÞ
fKS
¼  1
2
ln Y ðxÞ if x > b0; ð32ÞwhereY ðxÞ ¼ f ðxÞ
gðxÞ ð33Þandf ðxÞ ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1þ x=b
p
 1
 	 ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1þ x=b0
q
þ 1
 
; ð34Þ
gðxÞ ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1þ x=b
p
þ 1
 	 ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1þ x=b0
q
 1
 
: ð35Þ
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rule, to obtainY ð0Þ ¼
df ðxÞ
dx jx!0
dgðxÞ
dx jx!0
¼ b
0
b
ð36Þand so the shear traction at x = 0 becomesﬃﬃﬃ
b
p
qð0Þ
fKS
¼  1
2
ln
b0
b
 
; ð37Þwhich is ﬁnite. Clearly as the stick region within the chamfered portion recedes the singular form is regained
(see Fig. 3), i.e., as
KQ
fKS
! 1, b 0 ! 0.
4. Example application
As an example problem, consider the slightly chamfered punch shown in Fig. 1. In order to solve this we
note instead that if the punch were perfectly square-ended, and of half-width a, an applied normal load, P,
would produce a contact pressure given bypðxÞ ¼ P
p
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
a2  X 2
p ; ð38Þso that, shifting the origin to the contact edge and expanding by the binomial theorem shows thatKS ¼ P=ðp
ﬃﬃﬃﬃﬃ
2a
p Þ
Similarly, the application of a monotonically increasing shear force,Q, to an adhered problem (jQj < fP), gives a
value of KQ ¼ Q=ðp
ﬃﬃﬃﬃﬃ
2a
p Þ. The extent of contact in the chamfer is given by the form of Eq. (7) asb ¼ pAP
2wp
ﬃﬃﬃﬃﬃ
2a
p
 2
; ð39Þwhich simpliﬁes if we deﬁne the average contact pressure as p0 = P/2a to giveb
a
¼ 1
2
Ap0
w
 2
; ð40Þwhere w is the chamfer angle and E is the Young’s modulus of the half-plane. Under partial slip conditions,
the length of the stick zone within the chamfered portion of the punch, b 0, is given by (Eq. (37))b0
b
¼ 1 Q
fP
 2
; x b:5. Conclusion
The solution for a semi-inﬁnite, rigid, chamfered punch pressed into an incompressible half-plane has been
found. The solution comprises the traction distribution under conditions of normal load and monotonically
increasing shear, with the applied load characterised by two generalised stress intensity factors. Internal
asymptotes are found for the extreme edge, near discontinuity and remote regions, together with internal
states of stress for all these situations. The solution as a whole is then applied to the problem of a slightly
chamfered block, as an example of its use.
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Asymptotes
We wish to ﬁnd the asymptotic behaviour of the contact pressure given in Eq. (1) at points (a) remote from
the chamfer i.e., x b, (b) in the vicinity of the chamfer, jxj  b and (c) near the contact edge, s b, where
s = x + b (Fig. 1, inset). x is normalised as x^ ¼ x=b.
(a) Singular asymptote, x^ 1
Eq. (1) may be written as,pðxÞ ¼ KL ln
ﬃﬃ^
x
p ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1þ 1=x^p þ 1 2ﬃﬃ^
x
p ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1þ 1=x^p þ 1

: ðA-1Þ
Simplifying and expanding the denominator by the binomial theorem yieldspðxÞ ¼ KL ln 1 2ﬃﬃ^
x
p
1þ 1
2x^ 18x^2   

 þ 1

;
’ KL ln 1 2ﬃﬃ^
x
p
 
as x^ 1;where the modulus signs have been removed because 1 2ﬃﬃ^
x
p > 0 as x^ 1. Employing the well-known
Taylor series expansion of a logarithm about 1 and neglecting higher order terms we obtainpðxÞ ’ 2KL 1ﬃﬃ^
x
p :(b) Logarithmic asymptote, jx^j  1
Expanding the nominator and denominator of Eq. (1) by the binomial theorem and neglecting terms of
order x^3 or higher yieldspðxÞ ’ KL ln 1
4
x^
1 1
4
x^
1þ 1
4
x^

 jx^j  1; ðA-2Þwhich can be written aspðxÞ ’ KL ln 1
4
x^

þ ln 1 14 x^
 
 ln 1þ 1
4
x^
  
jx^j  1; ðA-3Þwhere the modulus signs have been dropped on the quantities that are always positive for jx^j  1.
Expanding as before by the Taylor series for a logarithm about 1 we obtainpðxÞ ’ KL ln 1
4
x^

 x^2 196 x^3 þ   
 
jx^j  1; ðA- 4Þ
’ KL ln 1
4
x^

 x^2
 
jx^j  1: ðA-5Þ(c) Bounded asymptote, x + b 1
Moving the origin of coordinates to the edge of the contact region via s = x + b, and introducing the
notation s^ ¼ s=b, simpliﬁes Eq. (1) topðxÞ ¼ KL ln
ﬃﬃ^
s
p  1ﬃﬃ^
s
p þ 1

; ðA-6Þ
¼ KL ln 1
ﬃﬃ^
s
p 	
 ln 1þ
ﬃﬃ^
s
p 	 	
; ðA-7Þ
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ﬃﬃ^
s
p  1
  < 0 and ﬃﬃ^sp þ 1
  > 0. Taylor series
then yieldpðxÞ ’ 2KL
ﬃﬃ^
s
p
þ s^
3=2
3
þ s^
5=2
5
  
 
; ðA-8Þ
’ 2KL
ﬃﬃ^
s
p
s^ 1: ðA-9ÞAppendix B
Muskhelishvili potentials
(a) Full-ﬁeld
We wish to ﬁnd the Muskhelishvili potential for the pressure deﬁned in Eq. (1), i.e.,UAðzÞ ¼ ð1 if Þ
2pi
Z 1
b
KS
2 ﬃﬃﬃbp ln
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1þ t=bp  1ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1þ t=bp þ 1

 1t  z dt: ðB-1ÞThis requires the evaluation ofI ¼
Z 1
b
ln
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1þ t=bp  1ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1þ t=bp þ 1

 1t  z dt; ðB-2aÞ
¼
Z 1
b
ln
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
bþ tp  ﬃﬃﬃbpﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
bþ tp þ ﬃﬃﬃbp

 1t  z dt; ðB-2bÞand note that I is zero when b is zero. If we now diﬀerentiate Eq. (B-2b) with respect to b we getoI
ob
¼  1
2
ﬃﬃﬃ
b
p
Z 1
b
dtﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
bþ tp ðt  zÞ ; ðB-3Þand on making the substitutions,bþ t ¼ u2; bþ z ¼ w2; ðB-4Þ
this simpliﬁes tooI
ob
¼  1ﬃﬃﬃ
b
p
Z 1
0
du
u2  w2 : ðB-5Þwhere w is a complex number. This integral evaluates tooI
ob
¼  1ﬃﬃﬃ
b
p ip
2w
; ðB-6aÞ
¼  ip
2
ﬃﬃﬃ
b
p ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
bþ zp : ðB-6bÞNow, integrating Eq. (B-6b) with respect to b givesI ¼ ip ln
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
bþ zp  ﬃﬃﬃbpﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
bþ zp þ ﬃﬃﬃbp
 !
þ f ðzÞ; ðB-7Þand we can ﬁnd the ‘constant’ of integration f(z) because we know that I = 0 at b = 0:0 ¼ 0þ f ðzÞ ! f ðzÞ ¼ 0: ðB-8Þ
ThusI ¼ ip ln
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
bþ zp  ﬃﬃﬃbpﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
bþ zp þ ﬃﬃﬃbp
 !
; ðB-9Þ
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4
ﬃﬃﬃ
b
p ln
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
bþ zp  ﬃﬃﬃbpﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
bþ zp þ ﬃﬃﬃbp
 !
: ðB-10Þ(b) Logarithmic asymptote
For the evaluation ofUL ¼ ð1 if Þ
2pi
Z 1
1
KS
2 ﬃﬃﬃbp ln t4b
  t
2b
h i 1
t  z dt jRðzÞj  b; ðB-11Þwe require three integrals:I1 ¼
Z 1
1
ln jtj
t  z dt; I2 ¼
Z 1
1
1
t  z dt; I3 ¼
Z 1
1
dt; ðB-12Þbecause thenUL ¼ ð1 if Þ
2pi
KS
2 ﬃﬃﬃbp
 
I1  z
2b
þ lnð4bÞ
h i
I2  I3
 	
; ðB-13ÞI3 exists in the Cauchy principal value sense, i.e.,I3 ¼ lim
R!1
Z R
R
dt ¼ lim
R!1
0½  ¼ 0; ðB-14ÞandI2 ¼ lim
R!1
Z R
R
1
t  z dt ¼ limR!1½lnðz tÞ
R
R ¼ ip; ðB-15ÞI1 is more complicated. First we must remove the modulus signs within the logarithm viaI1 ¼
Z 0
1
ln jtj
t  z dt þ
Z 1
0
ln jtj
t  z dt;
¼
Z 0
1
ln j  tj
t  z ðdtÞ þ
Z 1
0
ln t
t  z dt;
¼ 2z
Z 1
0
ln t
t2  z2 dt: ðB-16ÞThe section below evaluates the integral here, to giveI1 ¼ 2z ip
2z
ln z ip
2
 
¼ ip ln z ip
2
 
; ðB-17ÞThusULðzÞ ¼ ð1 if Þ
2pi
KS
2 ﬃﬃﬃbp
 
ip ln z ip
2
 
 ip z
2b
þ lnð4bÞ
h i 
; ðB-18Þ
¼  ð1 if ÞKS
4
ﬃﬃﬃ
b
p ln z ln i z
2b
 lnð4bÞ
 	
; ðB-19Þi.e.,ULðzÞ ¼  ð1 if ÞKS
4
ﬃﬃﬃ
b
p ln z
4ib
 	
 z
2b
h i
: ðB-20Þ
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ConsiderJ ¼
I
C
ln z
z2  w2 dz; ðB-21Þwhere w is a complex number having its real part positive and C is the contour consisting of (R,R) on the
real axis with a semi-circular indent (c) of radius e around the origin and a semi-circular arc of radius R around
the origin, i.e.,C ¼ ðR;RÞ [ c [ C; ðB-22Þ
and we will let e! 0 and R!1.
Now only z = w lies inside C. ThusJ ¼
I
C
ln z
z2  w2 dz ¼ 2pi limz!wðz wÞ 
ln z
z2  w2 ¼
pi lnw
w
; ðB-23Þbut, alsoJ ¼
Z e
R
ln x dx
x2  w2 
Z
c
ln zdz
z2  w2 þ
Z R
e
ln x dx
x2  w2 þ
Z
C
ln z dz
z2  w2 ¼
pi lnw
w
; ðB-24Þand employing the standard resultlim
e!0
Z
c
¼ lim
R!1
Z
C
¼ 0; ðB-25Þwe getlim
R!1
Z e
R
ln x dx
x2  w2 þ
Z R
e
ln x dx
x2  w2
 
¼ pi lnw
w
; ðB-26Þ
lim
R!1;e!0
Z e
R
lnðxÞðdxÞ
x2  w2 þ
Z R
e
ln x dx
x2  w2
 
¼ pi lnw
w
; ðB-27Þ
lim
R!1;e!0
Z R
e
lnðx2Þdx
x2  w2
 
¼ pi lnw
w
; ðB-28Þ
lnð1Þ
Z 1
0
dx
x2  w2 þ 2
Z 1
0
lnðxÞdx
x2  w2 ¼
pi lnw
w
: ðB-29ÞNow the ﬁrst integral was also met in the calculation for UA(z), solnð1Þ ip
2w
þ 2
Z 1
0
lnðxÞdx
x2  w2 ¼
pi lnw
w
; ðB-30Þi.e., Z 1
0
lnðxÞdx
x2  w2 ¼
ip
2w
lnw ip
2
 
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